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A NOTE ON THE REGULAR IDEALS OF LEAVITT
PATH ALGEBRAS
DANIEL GONC¸ALVES AND DANILO ROYER
Abstract. We prove algebraic versions of recent results, proved
by Brown, Fuller, Pitts, and Reznikoff, regarding regular and gauge-
invariant ideals of graph C*-algebras. Precisely, for Leavitt path
algebras of row-finite graphs, we describe the vertex set of a regular
graded ideal. We show that for row finite graphs that satisfy Con-
dition (L), a regular ideal of the associated Leavitt path algebra is
also graded. As a consequence we obtain the the quotient of the
algebra by such an ideal is again a Leavitt path algebra. Finally,
we show that for row-finite graphs, Condition (L) is preserved by
quotients by regular graded ideals.
1. Introduction
Leavitt path algebras are a driving force in ring theory. They arised
as algebraizations of graph C*-algebras and are the subject of intense
research. Although tempting, we refrain from presenting an exposition
of the beginning and development of the field and refer the reader to
the excellent works [1, 2].
Our interest in this note is to explore regular ideals (in the sense of
Hamana, [13]) of Leavitt path algebras. In this way we will provide
complete algebraic analogues of the results recently proved for graph
C*-algebras in [7]. The work in [7] is devoted to study regular ideals
of graph C*-algebras and their connection with gauge-invariant ideals.
The algebraic analogue of a gauge-invariant ideal is a Z-graded ideal (or
simply called graded ideal). Therefore, we will replace gauge-invariant
ideals with graded ideals in our work.
Graded ideals and strucutres play a key role in the theory of Leav-
itt path algebras. We mention a few examples, as [3], where the
graded structure of Steinberg algebras was used to deduce that di-
agonal preserving ring isomorphism of Leavitt path algebras implies
C*-isomorphism of C*-algebras for graphs that satisfy Condition (L),
[4], where it is deduced that the lattice of order-ideals in the K0-group
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of the Leavitt path algebra is isomorphic to the lattice of graded ideals
of the algebra, [14], where graded irreducible representations of Leavitt
path algebras are studied, [15], where it is shown that for a finite graph,
graded regular graded self-injective Leavitt path algebras are of graded
type I, [10], where a complete graphical characterisation of strongly
graded Leavitt path algebras is given, [6], where the graded unique-
ness theorem is proved via socle theory, and [5], where it is shown that
there is a natural isomorphism between the lattice of graded ideals of a
Leavitt path algebras and the monoid of isomorphism classes of finitely
generated projective modules.
Given the examples of applications of graded ideals and structures in
the theory of Leavitt path algebras the algebraization of the results in
[7] have a clear relevance. So, here is a more precise the description of
what we will prove in this note. After recalling the relevant preliminary
concepts on Leavitt path algebras and graded ideals in Section 2, we
start Section 3 with the definition of a regular ideal, see Definition 3.1.
Next we describe the vertex set of a regular graded ideal in Proposi-
tion 3.5. We then proceed to study the Leavitt path algebra associated
to a quotient graph. Given a Leavitt path algebra LK(E) it is know
that its quotient by a graded ideal is again a Leavitt path algebra (of
a different graph, see [2, Theorem 2.4.15]). This is the case, for ex-
ample, of any quotient of an exchange Leavitt path algebra, that is, a
Leavitt path algebra associated to a graph that satisfy Condition (K),
since for these algebras all of its ideals are graded (see [2, Section 2.1]).
Our main results deepen the understanding of this question for other
classes of graphs, namely graphs that are row-finite and satisfy Condi-
ton (L). In particular, in Theorem 3.8, we show that for the later class
of graphs, a regular ideal of the associated Leavitt path algebra is also
graded. As a consequence we obtain the the quotient of the algebra by
such an ideal is again a Leavitt path algebra, see Corollary 3.9. Finally,
in Theorem 3.6, we show that for row-finite graphs, Condition (L) is
preserved by quotients by regular graded ideals.
2. Preliminaries
In this section we recall the key concepts that will be need in this
note. We follow the notation in [2, 17].
2.1. Leavitt path algebras. A graph E := (E0, E1, r, s) consists of
a countable set of vertices E0, a countable set of edges E1, and maps
r : E1 → E0 and s : E1 → E0 identifying the range and source of
each edge. If E is a graph, a path is a sequence α := e1e2 . . . en of
edges with r(ei) = s(ei+1) for 1 ≤ i ≤ n − 1. We say the path α has
length |α| := n, and we let En denote the set of paths of length n.
We consider the vertices in E0 to be paths of length zero. We also let
E∗ :=
⋃∞
n=0E
n denote the paths of finite length. For a path α, we let
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α0 := {r(ei)} ∪ {s(e)i} be the set of vertices in the path α. A path
α = e1 . . . en is a cycle if r(en) = s(e1). An exit for α is an edge e such
that s(e) = s(ei) for some i, but r(e) 6= r(ei). A graph is said to satisfy
Condition (L) if every cycle has an exit. Let H ⊆ E0. The set H is
hereditary if whenever α ∈ E∗ satisfies s(α) ∈ H , then r(α) ∈ H . The
set H is saturated if for all v ∈ E0, r(s−1(v)) ⊆ H implies v ∈ H . The
Leavitt path algebra associated to a graph is defined as follows:
{roncando}
Definition 2.1. Let E be a directed graph, and let K be a field. The
Leavitt path algebra of E with coefficients in K, denoted LK(E), is
the universal K-algebra generated by a set {v : v ∈ E0} of pairwise
orthogonal idempotents, together with a set {e, e∗ : e ∈ E1} of elements
satisfying
(i) s(e)e = er(e) = e for all e ∈ E1
(ii) r(e)e∗ = e∗s(e) = e∗ for all e ∈ E1
(iii) e∗f = δe,f r(e) for all e, f ∈ E
1
(iv) v =
∑
{e∈E1:s(e)=v}
ee∗ whenever v ∈ E0reg.
Remark 2.2. The Leavitt path algebra associated to a graph can also
be constructed via partial skew group ring theory or via groupoid (Stein-
berg) algebras theory, see [8, 9, 11, 12, 16].
Definition 2.3. Let E be a graph and I be an ideal in Leavitt path
algebra LK(E). Define
H(I) := {v ∈ E0 : v ∈ I}.
If H ⊆ E0 is hereditary, then we denote by I(H) the ideal in LK(E)
generated by H , that is,
(1) {jacare}I(H) := span{γλ∗ : γ, λ ∈ E∗ and r(γ) = r(λ) ∈ H},
see [2, Lemma 2.4.1].
{papaterra}
Remark 2.4. Notice that if J is an ideal of LK(E) then H(J) is
hereditary and if E is row-finite then H(J) is also saturated. To see that
H(J) is hereditary, let α ∈ E∗ with s(α) ∈ H(J). Then α = s(α)α ∈
J and hence r(α) = α∗α ∈ H(J). To see that H(J) is saturated
(supposing E row-finite), let v ∈ E0 with r(s−1(v)) ⊆ H(J). Notice
that for each edge e ∈ s−1(v) it holds that r(e) ∈ H(J), and so e =
er(e) ∈ J . Then v =
∑
e∈s−1(v)
ee∗ ∈ J , and so v ∈ H(J).
2.2. Z-graded ideals of LK(E).
Definition 2.5. Let R be a ring. We say that R is Z-graded if there is
a collection of additive subgroups {Rn}n∈Z of R with the following two
properties.
(i) R =
⊕
n∈ZRn.
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(ii) RmRn ⊆ Rm+n for all m,n ∈ Z.
The subgroup Rn is called the homogeneous component of R of degree
n, and the elements of Rn are said to be homogeneous of degree n.
If E is a graph, then we may define a Z-grading on the associated
Leavitt path algebra LK(E) by setting, for each n ∈ Z,
LK(E)n :=
{
l∑
k=1
λkαkβ
∗
k : αk, βk ∈ E
∗ and |αk| − |βk| = n for 1 ≤ k ≤ l
}
.
We recall the definition of a graded ideal.
Definition 2.6. If R is a Z-graded ring, then an ideal I of R is a
Z-graded ideal (or just graded) if I =
⊕
n∈Z(I ∩ Rn), or equivalently,
if y =
∑
yn ∈ I implies that yn ∈ I for all n.
The following result give a precise description of the graded ideals of
a Leavitt path algebra in terms of subsets of E0.
Theorem 2.7. [2, Theorem 2.5.9] Let E be a row-finite graph. Then{peixevoador}
the map J 7→ H(J) is a lattice isomorphism between the graded ideals
of LK(E) and the hereditary saturated subsets of E
0, with inverse H 7→
I(H).
From the above theorem we get the following characterization of
I(H(J)).
{peixeastronauta}
Corollary 2.8. Let E be a row-finite graph and J an ideal of LK(E).
Then I(H(J)) is the largest graded ideal contained in J .
Proof. Fists notice that H(J) is saturated and hereditary, by Remark
2.4, and then, by Theorem 2.7, I(H(J)) is a graded ideal. Let J ′ be a
graded ideal contained in J . Clearly H(J ′) ⊆ H(J) and hence, using
Theorem 2.7 again, we have that J ′ = I(H(J ′)) ⊆ I(H(J)). 
Definition 2.9. [2, Definition 2.4.11] (The quotient graph by a hered-
itary subset) Let E be an arbitrary graph, and let H be a hereditary
subset of E0. We denote by E/H the quotient graph of E by H, de-
fined as follows:
(E/H)0 = E0 \H and (E/H)1 = {e ∈ E1 : r(e) /∈ H}.
The range and source functions for E/H are defined by restricting the
range and source functions of E to (E/H)
For any graph E and ideal J in LK(E), we denote by E/J the
subgraph E/H(J) (notice that H(J) is hereditary, by Remark 2.4).
We then have the following.
Proposition 2.10. [2, Corollary 2.4.13] Let J be a graded ideal of{urso}
LK(E). Then LK(E)/J ≃ LK(E/J).
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We will use the following result to show that regular ideals in row-
finite graphs that satisfy Condition (L) are graded. It can also be used
to produce quotient graphs without Condition (L).
{platapus}
Proposition 2.11. Let J be an ideal in LK(E). If the graph E/J
satisfies Condition (L), then J is graded.
Proof. The proof of this proposition is exactly the same as the proof of
[7, Proposition 2.6] and so we refrain from presenting it here.

3. Regular ideals and quotients
Our first step in this section is to define regular ideals. Since the
analytical definition does not depend on the norm, there is no change
in the definition, which we recall below (as in [7]).
Let A be an algebra. For a subset X ⊆ A we define X⊥ to be the
set
X⊥ = {a ∈ A : ax = xa = 0 for all x ∈ X}.
{def: reg}
Definition 3.1. We call an ideal J ⊆ A a regular ideal if J = J⊥⊥.
Note that, as in the C*-algebra case, if J is an ideal in A, then so
is J⊥. It also always holds that J ⊆ (J⊥)⊥ and J⊥ = J⊥⊥⊥. So J⊥
is always regular. Next we show that for a graded ideal J of a Leavitt
path algebra, J⊥ is also graded.
{horajantar}
Lemma 3.2. Let J be a graded ideal of a Leavitt path algebra LK(E).
Then J⊥ is a graded regular ideal.
Proof. Let z =
∑
n∈Z
zn ∈ J
⊥. We need to prove that each zn ∈ J
⊥. Let
x ∈ J . Since J is graded then x =
∑
xn, where each xn is homogeneous
and xn ∈ J . So it is enough to check that znxi = xizn = 0 for each i, n.
Since z ∈ J⊥, and xi ∈ J for each fixed i = 1 . . . k, we have that∑
n∈Z
xizn = xiz = 0 = zxi =
∑
n∈Z
znxi,
and hence the grading (and the fact that xi is homogeneous) implies
that znxi = xizn = 0 as desired. 
Our next goal is to describe the vertex set of a graded regular ideal.
For this we need the following definitions.
Definition 3.3. For an ideal I of LK(E), we define H(I) ⊆ E
0 as
H(I) := {s(α) : α ∈ E∗ and r(α) ∈ H(I)}.
The set H(I) should be thought of as some kind of ”closure” of the
set H(I). In particular notice that it always hold that H(I) ⊆ H(I).
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Definition 3.4. Let E be a graph and v ∈ E0. The tree of v, denoted
T (v), is the set
T (v) := {r(α) : α ∈ E∗, s(α) = v}.
{tomaraqdc}
Proposition 3.5. Let E be a row-finite directed graph and J ⊆ LK(E)
be a graded ideal. Then
(i) J⊥ = I(E0\H(J));
(ii) J⊥⊥ = I({w ∈ E0 : T (w) ⊆ H(J)});
(iii) J is regular if and only if H(J) = {w ∈ E0 : T (w) ⊆ H(J)}.
Proof. By Lemma 3.2, J⊥ is graded. Hence by Theorem 2.7 J⊥ =
I(H(J⊥)). Thus, to prove (i), it suffices to prove H(J⊥) = E0\H(J).
This is done similarly to what is done to prove item (i) in [7, Proposi-
tion 3.4]. We include the prove for completeness.
First we prove that H(J⊥) ⊆ E0\H(J). Let v ∈ H(J⊥) (so v ∈
J⊥). If v ∈ H(J) then there exists α ∈ E∗ such that v = s(α) and
r(α) ∈ H(J). But then α ∈ J , since I(H(J)) = J (by Theorem 2.7)
and α belongs to the ideal generated by H(J). Hence vα = α 6= 0, a
contradiction.
For the converse inclusion, let w /∈ H(J). By definition, for each
α ∈ E∗ with r(α) ∈ H(J) we have s(α) ∈ H(J). Hence, for such α,
ws(α) = 0 and therefore wα = 0 = α∗w. Using again that I(H(J)) = J
we obtain, by (1), that
J := span{γλ∗ : γ, λ ∈ E∗ and r(γ) = r(λ) ∈ H(J)}.
So w ∈ J⊥ and hence w ∈ H(J⊥).
Next we prove (ii). Since J⊥⊥ = I(H(J⊥⊥)), it is enough to prove
that H(J⊥⊥) = {w ∈ E0 : T (w) ⊆ H(J)}.
Take w ∈ E0 with z ∈ T (w) such that z /∈ H(J). By (i) z ∈ J⊥.
Let α ∈ E∗ be such that s(α) = w and r(α) = z. Then αz ∈ J⊥ and
wαz = α 6= 0. Hence w /∈ J⊥⊥.
On the other hand, if u /∈ H(J⊥⊥) then, by (i) and (1), there exists
γ, λ ∈ E∗ with r(γ) = r(λ) ∈ E0\H(J) and such that uγλ∗ 6= 0 or
γλ∗u 6= 0. Assume that uγλ∗ 6= 0 and |γ| > 0 (the case |γ| = 0 is
direct). Then s(γ) = u and hence r(γ) ∈ T (u), what implies that
u /∈ {w ∈ E0 : T (w) ⊆ H(J)}. The case γλ∗u 6= 0 is dealt with
analogously.
We now prove (iii). Suppose first that J is regular. Then, since
{w ∈ E0 : T (w) ⊆ H(J)} is hereditary and saturated, item (ii) and
Theorem 2.7 imply that
H(J) = H(J⊥⊥) = H(I({w ∈ E0 : T (w) ⊆ H(J)}))
= {w ∈ E0 : T (w) ⊆ H(J)}.
For the converse, use again (ii) and the fact that J is graded (along
with Theorem 2.7) to get that J = I(H(J)) = J⊥⊥. 
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Next we show that, as in the C*-algebraic setting, quotients by reg-
ular ideals preserve Condition (L).
{lagosta}
Theorem 3.6. Let E be a row-finite graph satisfying Condition (L).
Let J be a regular, graded ideal in LK(E). Then E/J satisfies Condi-
tion (L).
Proof. The proof follows the same steps of the proof of [7, Theorem 3.5].
We provide it here for completeness.
Let λ be a cycle in E/J . Then λ is a cycle in E and, since E satisfies
Condition (L), we know that there is at least one exit (in E) for λ.
Suppose that λ has no exit in E/J .
Then, for every exit e of λ we must have that r(e) ∈ H(J), what
implies that s(e) ∈ H(J). Since λ is a cycle, we infer that λ0 ∈ H(J).
Let z ∈ λ0 and w ∈ T (z) \ λ0. Then there exists a path α = e1 . . . en
such that s(α) = z and r(α) = w. Notice that e1 is an exit for λ and so
r(e1) ∈ H(J) (so e1 ∈ J). This implies that e1r(e1) = e1 ∈ J . Hence
α ∈ J and therefore w = r(α) = α∗α ∈ H(J). We conclude that, for
every z ∈ α0, T (z) ⊆ H(J). Therefore, by item (iii) of Proposition 3.5,
we have that λ0 ⊆ H(J). This contradicts λ being a cycle in E/J and
hence E/J has Condition (L). 
As it happens in the analytical context, in general, a regular ideal
of a Leavitt path algebra does not need to be graded (gauge-invariant
in the C*-algebraic context). In the analytical setting, a good example
to consider is the C*-algebra associated to the graph E with a single
vertex and a single edge (see [7]). In this case then C∗(E) = C(T). In
the algebraic framework, we have that LK(E) = K[x, x
−1], the Laurent
polynomial algebra. It is well known that LK(E) does not contain any
non-trivial graded ideals, but contains many non-graded ideals (see [2,
Remark 2.1.6]). We will see now that if E satisfies Condition (L),
then the regular ideals of LK(E) are necessarily graded (compare with
Lemma 3.6 and Proposition 3.7 in [7]).
{tatuira}
Lemma 3.7. Let E be a row-finite graph. If J is a regular ideal of
LK(E), then I(H(J)) ⊆ J is a graded regular ideal.
Proof. We have that I(H(J)) ⊆ J and
I(H(J)) ⊆ I(H(J))⊥⊥ ⊆ J⊥⊥ = J.
Since the graph is row-finite, the set H(J) is hereditary and saturated
(see Remark 2.4). So, Theorem 2.7 implies that I(H(J)) is graded, and
Lemma 3.2 implies that I(H(J))⊥ and I(H(J))⊥⊥ are also graded.
By Corollary 2.8, I(H(J)) is the largest graded ideal in J . It follows
that I(H(J)) = I(H(J))⊥⊥ and hence I(H(J)) is regular. 
{porcoespinho}
Theorem 3.8. If E is a row-finite graph satisfying Condition (L), and
J is a regular ideal in LK(E), then J is graded.
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Proof. Since J is regular, I(H(J)) is regular by Lemma 3.7. Then,
by Theorem 3.6, the graph E/I(H(J)) satisfies Condition (L). Since
H(I(H(J))) = H(J), see Remark 2.4 and Theorem 2.7, E/I(H(J)) =
E/J . It now follows that J is graded by Proposition 2.11. 
Joining the theorem above with Theorem 3.6 and Proposition 2.10,
we obtain the following algebraic version of [7, Corollary 3.8].
{jabuti}
Corollary 3.9. Let E be a row-finite graph satisfying Condition (L).
Let J be a regular ideal in LK(E). Then E/J satisfies Condition (L)
and LK(E)/J ≃ LK(E/J).
Finally, we refer the reader to [7, Example 3.9] for an example which
shows that not all ideals J with E/J satisfying Condition (L) are reg-
ular.
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